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Abstract Parton Distribution Functions (PDFs) are important quantities that describe the distributions of momentum and spin
of partons inside a nucleon. Their exact determination is crucial for precision tests of the Standard Model and also for making
predictions of experimental results in high energy colliders. Gegenbauer polynomials are a set of orthogonal polynomials which
could be used to parameterize PDFs. These polynomials are solutions to a second-order differential equation and depend on the
two parameters: the degree of polynomials and a constant known as the Gegenbauer coefficient. By fitting the experimental data
with a combination of Gegenbauer polynomials, one can extract the values of unknown parameters including these coefficients,
which in turn can provide a physical insight into the structure of proton. The use of Gegenbauer polynomials in PDFs has several
advantages over other parameterizations; they have better convergence properties and can more accurately capture the shape of the
PDFs at high momentum fractions. Through this work we use these polynomials to parameterize the polarized PDFs (PPDFs) where
the positivity constraint enforced on them. In continuation from two analysis with and without considering the higher twist effects
we determine the polarized structure functions of proton, neutron and deuteron at NLO accuracy. Considering all available data,
specifically including final JLAB CLAS/EG1b data for proton and deuteron, we show that taking the higher twist effect is necessary
to determination of the PPDFs. Investigation of the polarized Bjorken sum rule and proton helicity sum rule is also conducted to
verify the fitting results. The findings show expected alignment with the existing data and certain parametrization models.

1 Introduction

Quantum Chromodynamics (QCD) is a well-constructed theory describing the strong interactions between partons in a way that
is consistence with the experimental findings. The QCD includes the necessary tools for the scale evolution of nucleon structure
functions. Based on this, parton distribution functions (PDFs) at initial energy scale, which are referred to as the non-perturbative part
of evolution process, can be used to characterize nucleons in perturbative QCD (pQCD) framework. The fragmentation functions
(FFs) and PDFs together constitute the non-perturbative components of hadron production and lepton-hadron scattering processes,
respectively, which are necessary for determining physical quantities including branching ratios, decay rates, and cross sections
[1, 2]. The PDFs and FFs are typically related to partons. PDFs refer to the probabilities of finding partons carrying a specific
fraction of the spin and momentum of a nucleon, while FFs describe the probability densities for a specific parton to fragment into
an expected hadron, carrying away a fraction of its momentum. Among all measurable quantities, polarized structure functions are
experimental observable which provide important information about the distribution of momenta as well as the spin of partons inside
the nucleon. Accurate determination of these functions is crucial for our understanding about the origin of the nucleon spin and for
testing theoretical models describing nucleon structure. The polarized parton distribution function (PPDF) determination with their
estimated uncertainties has been presented in diverse studies [3—-19]. The key differences between the various studies stem from
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Fig. 1 Different experiments of polarized structure functions, xg{v , data for proton, deuteron and neutron in the x and Q2 plane. The dashed line represents
the kinematic W2 cut on the data (W2 > 6.25 GeVZ) which is used to avoid the presence of dynamical higher twists effect

the specific choices made regarding the used experimental data, the parameterization, their estimated uncertainties, and the QCD
corrections applied during the analysis process such as heavy quark treatment and higher-twist correction.

To determine the polarized and unpolarized distribution functions many different approaches have extensively been used. The
predominant approach in selecting the parametrization form, in addition to the more standard approches, involves the use of
orthogonal Bernstein and Jacobi polynomials, which have implications for extracting the polarized parton distribution functions
of gluons and sea quarks. These parametrization forms have lack of convergence which leads to a reduction in the number of free
parameters. For further information, please refer to references [20-22]. Among them, Gegenbauer polynomials have also been
applied to parameterize polarized parton distribution functions similarly to the unpolarized case so that the polarized Gegenbauer
coefficients can be extracted from experimental data. They provide a comprehensive insight over the polarized quark and gluon
distributions inside the nucleon. Using the Gegenbauer polynomials in determining the polarized structure functions has several
advantages [23]. In fact, the orthogonality of Gegenbauer polynomials allows for a systematic expansion of the polarized structure
functions in terms of the polarized Gegenbauer coefficients [24, 25]. Furthermore, the Gegenbauer polynomials provide a better
convergence at high momentum fractions in comparing with other parametrization models, such as the commonly used series
expansion in terms of Legendre polynomials [26].

Gegenbauer polynomials are orthogonal with respect to the weight function x*(1 — x)#, which reflects the typical shape of
polarized PDFs. This orthogonality leads to faster convergence when approximating analytic functions, allowing significant error
reduction near the high momentum fraction region x — 1 even with a limited number of terms (e.g., three). In contrast, ordinary
polynomials like a + bx + cx? lack orthogonality and generally require more terms to achieve similar accuracy. Thus, Gegenbauer
polynomials, being naturally adapted to the polarized PDF shape through their weighted orthogonality, optimize the approximation
error. These considerable advantages motivate us to use the Gegenbauer polynomials in extracting the polarized structure functions
which provides a powerful tool for understanding the spin distributions inside the nucleon as well as testing theoretical models
describing the nucleon structure. In addition to these aspects, two important ingredients of our QCD analysis include: Initially, the
representation of polarized parton densities using Gegenbauer polynomials is designed to meet the positivity requirement. Secondly,
we employ the higher twist (HT) effect in our analysis to enhance the outcomes. Two approaches, Fit A and FitB, are being
considered to show the upcoming progress, with Fit A not involving the HT effect and Fit B involving it.

The paper is structured in the following way. The QCD framework is presented in Sec.2. Fitting content which is employed in
our QCD analysis, is discussed in Sec.3. Next section, Sec.4 focuses on explaining the datasets and the minimization technique.
Discussion on the parametrization of polarized parton densities in global analysis is presented in Sec.5, along with topics such as the
inverse Mellin technique. The findings from Bjorken sum rule and proton helicity sum rule, utilizing Gegenbauer parametrization
in Fit B approach, are discussed in Sec.6. Ultimately, we present our conclusion in Sec.7.
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2 QCD framework for inclusive and semi-inclusive polarized DIS

Basically, our understanding of QCD as well as the nucleon structure profoundly depends on the deep inelastic scattering (DIS)
processes. One of the features of polarized DIS is the fact that more than half of the present data are at moderate Q2 and W?2
(Q* ~1-5GeV?, 4 GeV? < W? < 10 GeV?), or in the so-called preasymprtotic region. This is, especially, the case for the very
precise experiments performed at the Jefferson Laboratory. So, in contrast to the unpolarized case this region cannot be excluded
from the analysis. As was shown in Ref. [27], to confront correctly the QCD predictions to the experimental data including the
preasymptotic region, the nonperturbative higher twist (powers in 1/Q?) corrections to the nucleon spin structure functions have to
be taken into account too.
In QCD, the spin structure function g; has the following form for 0? >> A? (the nucleon target label N is not shown):

g1(x, 0% = g1(x, QH)ir + g1 (x, QM (1

where “LT” denotes the leading twist (t = 2) contribution to g1, while “HT” denotes the contribution to g arising from QCD
operators of higher twist, namely v > 3. The leading twist contribution reads:

g1(x, 0Mir = g1(x, 0P)pacp + H™MC(x, 02)/ 02
+OM*/ 0%, )

where, g1(x, Q2)pQCD is the well-known NLO perturbative QCD contribution (logarithmic in 0?) and for proton and neutron reads:

1 ng ) S 2
g1(x, 0%)pacp =5 Xq:ei [(Aq + A7) ® (1 + 2 ;g )acq>
2
L0 @} o
2w nyf

and also the spin dependent deuteron structure function ng(x, Q?) can be represented in terms of the proton and neutron structure
functions, xglp(x, Q2) and xg7(x, Q2) using the relation:

1 3
xgl(x, 0% = 0= Ewp)[xg{’(x, 0% +xgl(x, 071, 4

where wp = 0.05 & 0.01 is the D-state wave probability for the deuteron [28]. In Eq. (2), #™C(x, Q?) stands for the exactly
calculable kinematic target mass corrections [29-31] which being purely kinematic, effectively belong to the LT term. In Eq. (3),
Ag(x, 0%, Ag(x, 0%) and AG(x, Q%) are the quark, antiquark and gluon polarized densities in the proton, respectively, which are
evolved in Q2 according to the spin-dependent NLO DGLAP equations. In Eq. (3), C (x)g, G are the NLO spin-dependent Wilson
coefficient functions and the symbol ® denotes the usual convolution in Bjorken x-space. Moreover, 1 ¢ is the number of active
quark flavors (n s = 3 in our analysis).

In addition to the LT contribution, the following dynamical higher twist effects

g1(x, 0t = h(x, 0%)/ 0% + O(A*/ 0", ®)

must be taken into account at low Q2 [27]. The latter are nonperturbative effects which cannot be calculated in a model independent
way. That is why we prefer to extract them directly from the experimental data. This method is used to extract simultaneously the
polarized parton densities and higher twist corrections to gi. In the standard QCD analysis of DIS polarized structure function and to
eliminate the nonperturbative effect, it is necessary to apply the appropriate cut for invariant-mass squard W2 = Q*(1/x — 1)+ Mlzv.
In fact choosing the appropriate W? cut is required to ignore the nonperturbative effects arising from higher twist dynamics.

3 Fitting contents in QCD analysis

The theory of QCD is responsible for justifying the structure of hadrons such as protons and neutrons. In this regard, the QCD
analysis is a procedure to extract important information about the partonic structure of hadrons on the basis of experimental data.
One important aspect of QCD analysis is fitting the experimental data with the theoretical predictions. Theoretical predictions are
usually calculated in the framework of pQCD which involves a series expansion in the strong coupling constant as(Q?). However,
the perturbative expansions are just applied at high energies so at low energies the non-perturbative effects become important.
Therefore, the data fitting requires the incorporation of both perturbative and non-perturbative effects. The fitting procedure involves
an appropriate parameterization for the PDFs such as the case in determining the FFs [32-34]. It also includes the strong coupling
constant. One commonly used parameterization is a series expansion in terms of orthogonal polynomials, such as the Gegenbauer
polynomials. The coefficients of the polynomial expansion are determined by fitting the experimental data. The fitting procedure
is often complicated by the presence of correlations between the various parameters, which can lead to large uncertainties in the
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extracted values. Therefore, various techniques such as Monte Carlo simulations [35] and Bayesian methods [36] are used to
estimate the uncertainties and to determine the best-fit values. In next section, we describe our QCD analysis of polarized DIS data
to determine the spin structure function g (x, 0.

4 QCD analysis of polarized deep inelastic scattering data for xg;(x, Q?)
4.1 Description of the data sets

In QCD analysis, the PDFs are determined by fitting theoretical predictions to experimental data from DIS processes, where a
high-energy lepton beam is scattered off a hadronic target. The DIS data can provide main information on the structure functions of
target which can be related to the PDFs. The fitting procedure operates by varying the free parameters in the theoretical calculations,
including the ones in PDFs, to minimize a global chi-squared function, which measures the difference between the theoretical
predictions and the experimental data. The best-fit PDFs are then used to make predictions for the production rates of various
particles.

The QCD evolution of the PDFs is governed by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi [37-44] (DGLAP) equations,
which describe how the PDFs evolve as the momentum transfer Q increases. The QCD analysis does typically involve the evolution
of PDFs at next-to-leading order (NLO) accuracy, which includes one-loop corrections to the leading-order calculations. The analysis
is also done in the framework of fixed-flavor-number scheme (FFNs) where the number of active partonic flavors is assumed to
be constant throughout the evolution. The choice of renormalization (1 g) and factorization () scales which are related to the
separation of short-distance and long-distance physics, is a key source of uncertainty in the analysis.

The QCD analysis is typically carried out using numerical programs that implement the theoretical calculations and perform
the fitting procedure. One of these programs is the QCD-PEGASUS [45] which is employed in our analysis. This program uses a
parameterization of the PDFs in Mellin-moment space, which allows for efficient numerical calculations. The program also includes
the effects of NLO coupling constant, which is using a fourth-order Runge-Kutta integration.

The QCD analysis does also require a large amount of experimental data on DIS processes, which has been collected by various
experiments at different colliders. In this paper we present a NLO QCD analysis of the word data set on the nucleon spin structure
unction g{v (N=p,n and d) including the final JLAB CLAS/EG1b data on proton [56] and deuteron [57] spin structure function, see
Table 1.

The QCD analysis is a complex and sophisticated method that requires a deep understanding of QCD and a careful treatment
of experimental uncertainties. Since, the PDFs are essential tools for understanding the structure of hadrons then their accuracies
are the key sources of uncertainties in many measurements in colliders. Therefore, determining of PDFs with as much accuracy as
possible is an active area of research in particle physics.

4.2 x? minimization

In this section, we describe the global analysis of the xg;(x, Q%) data. We start by defining the x2-function which measures the
goodness-of-fit between the experimental data and theoretical predictions. The x> function is defined as:

2 2
Xgloba] - Z Wy Xn ) (6)
n

where, the sum involves different experiments and the relevant weight factor for the n' experiment is denoted by w, [64, 65]. The
weight factors can be determined by physics considerations or other information as a prior knowledge. In our analysis, we take the
weight factors to be unity. The X,f—function for the n'”* experiment has the following form:

s (1=Na\? N g{F = giieor\?
Xn:<W> + N, AT ) @)
n ; n A8y

where gfxlp and Agfjcip are the experimental value and its uncertainty for the i™ data point, and gihf " is the theoretical prediction
for the same data point. A, is an overall normalization factor and AN, is the experimental normalization uncertainty for the data of
nth experiment. The normalization factor \;, is allowed to be shifted among different data sets considering the uncertainties AN,
raised from various experiments. To estimate the uncertainties in the Polarized PDF parameters, we employed the Hessian method.
In this approach, the fitted parameters are determined by the criterion Ax2 = T2. We select a tolerance parameter 7' such that this
criterion guarantees that each dataset is described within the desired confidence level. The correlated statistical error for any quantity
qi is derived using standard error propagation techniques [66]:

9gi agi
(047 = Ax? Co. . (8)
e ; pa of apg
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e ot ey O A4 5645 Experiment Ref. ¥min. Ymax] Q? (GeV?) Datwpoi.  Xfia  Xiis
fﬁ;‘::;‘;‘;g‘;e:n‘cfl‘ E%r;‘;;z:’is with S AC/E43(p)  [46] [0.031-0.749] 127-9.52 28 35.8489  30.2058
including the number of data SMC(p) [47] [0.005-0.480] 1.30-58.0 12 9.6071 42217
points, individual x2 for each data  EMC(p) (48,49]  [0.015-0.466] 3.50-29.5 10 5.9626 5.8783
o and total * for Fit Aand Fit gy s /55 [50] [0.015-0.750] 122-34.72 24 246299  25.1583
HERMESO06(p)  [51] [0.0058-0.7311]  0.26-14.29 45 244420 20.5809
COMPASSI0(p)  [52,53]  [0.005-0.568] 1.10-62.10 15 257645  14.6390
COMPASS16(p)  [54] [0.0035-0.575]  1.03-96.1 51 438.6187  34.5966
CLAS/EGIb(p)  [56] [0.1212-0.5928]  1.0025-4.6474 166 1882738 100.4762
g 351 353.1475 2357568
SLAC/E143(d)  [46] [0.031-0.749] 127-9.52 28 507407 417123
SLAC/E155()  [62] [0.015-0.750] 1.22-34.79 24 238881  18.5615
SMC(d) [47] [0.005-0.479] 1.30-54.80 12 205320 18.3085
HERMES06(d)  [51] [0.0058-0.7311]  0.26-14.29 45 469611 347242
COMPASS17(d)  [63] [0.0045-0.569]  1.03-74.1 £ 327938 28.6343
CLAS/EGIb@d)  [57] [0.121-0.5925]  1.0022-4.647.1 158 2387377 1709141
gd 310 4136533 312.8549
SLAC/E142(n)  [60] [0.035-0.466] 1.10-5.50 8 3.0421 11.7568
HERMES(n) [61] [0.033-0.464] 1.22-5.25 9 2.3284 43302
E154(n) 58] [0.017-0.564] 1.20-15.00 17 162231 4.1086
JLAB-Hall Am)  [59] [0.33-0.60] 2.71-4.8 3 6.2181 13.7721
gl 29 278117 33.9676
Total 690 805.4552  582.5740
x*/d.o.f - 11523 0.8747

By considering the Hessian matrix as Hy g = %82 x%/3pq 0pg, one can find that the covariance matrix C = H ~1is the inverse of
the Hessian matrix, evaluated at the x 2 minimum. To campute the fully correlated 1o error bands corresponding to 68% confidence
level for Polarized PDFs, one can choose T = 1. To determine the unknown parameters in our theoretical model, we minimize the
X é oba-function using the CERN program library MINUIT [67]. The unknown parameters might initially include the strong coupling

constant at the initial energy scale, as(Q(%).

5 Global analysis
5.1 Fitting function

The spin dependent PDFs have been investigated so far in pQCD utilizing different functional forms [14, 15, 17-19, 21, 22, 27,
69-82, 87, 88]. To perform the relevant global fit for the polarized PDFs, a convenient parameterized form is usually used to model
the PDFs at the initial energy scale Q% =1 GeV?. It should also be noted that the choice of functional form of PDFs is not unique
and various parameterizations can lead to different results. Therefore, it is important to perform a thorough analysis with various
parameterizations to assess the reliability of extracted PDFs [89, 90]. Through this work, we use the Gegenbauer polynomials to
parameterize the polarized PDFs, which is a common choice in modern global analyses. These polynomials are a basis set for
functions on the interval [—1, 1] and can be used to expand the parton distributions as a series. The expansion coefficients are
then the free parameters in the fit. The advantage of using the Gegenbauer polynomials is that they allow for a systematic way of
including higher twist contributions in the analysis, as well as a more flexible functional form compared to the traditional DGLAP
evolution approach. Additionally, the Gegenbauer moments can be related to physical observables such as the axial charge of the
nucleon, which provides a direct connection to QCD. From now on, we adopt the following form for the PDFs:

2

Aq(x, 03) = Nyngx®e (1 — x)Pa (Z alcPl*a - 2x)>. )
i=0

Here, Second-order Gegenbauer polynomials are used instead of simple second-order polynomials because they are orthogonal

with respect to the weight function x*(1 — x)?, which reflects the typical shape of PDFs. This orthogonality reduces correlations
among expansion coefficients, resulting in more stable and efficient approximations. Additionally, Gegenbauer polynomials provide
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faster and more uniform convergence across the entire domain, especially near the endpoints x=0 and x=1. They also help reduce
oscillations near boundaries (Runge’s phenomenon), improving the quality of the approximation compared to simple polynomials
of the same order and the parameters 7, are defined as the first moments of the polarized parton distribution functions (PPDFs),
representing the net spin contribution of parton flavor q to the nucleon spin:

1
g = /0 dxAqj(x, QF). (10)

Since ny are fixed physical quantities determined from theory, sum rules, or experimental constraints the normalization constants
N are chosen to ensure that the parameterized PPDFs satisfy this moment condition. For a PPDF parameterized as

2
X Aq(x, 03) = Ny ng x%(1 — x)Pa (Z alca - 2x)> (11)
i=0
the normalization constant AV, is computed by imposing
1 2
g = qu dxx® (1 — x)Pa <Z alcPl*a - 2x)>. (12)
0 i=0
which yields
Ngq

Ny 572 (13)

N o dxxa(1 — x)Pa (X2 al (1 - 2x))

i
In this framework, the shape parameters «, f and alf] define the functional form of the PPDF, while ./\fq rescales it so that the first

moment matches the physical input 1, . Thus, 1, serves as a physical constraint, and V; is determined accordingly. The normalization
factors N is determined as:

1 V(O‘q)y(ﬂq‘”)[ 2
= YY) 30aq[—ot 9B, +5) +4a2 +4(B, +1 +2]
Nq )/((Xq + IBq + 3) 2 q( /311 ) q (/3(1 )(ﬂq )
+Hog + By +D)|ai (g + By + 1) — 15a] (g — B, — D]} (14)
In Eq. (9), Ag stands for the general form of PDFs, i.e., Au,, Ad,, Ag, and Ag represent the individual polarized up-valence,

down-valence, sea and gluon distributions, respectively and the Gegenbauer polynomials C i15/ 2(1 — 2x) are a family of orthogonal

polynomials that can be defined by a generating function. The generating function of the Gegenbauer polynomials is a power series
that represents a function in terms of its derivatives. Specifically, the generating function of the Gegenbauer polynomials is given
by [91]:

1 .
T zwrery = 2 G (1s)
n=0

where A is a real number and C}(x) is the n' h Gegenbauer polynomial of degree . In the specific given equation, C i15/ 2(1 —2x)isa
Gegenbauer polynomial of degree 15/2 evaluated at the argument 1 — 2x. The parameter A controls the scaling or domain mapping
in the Gegenbauer polynomial expansion. It effectively sets the “length scale” to optimize the polynomial basis for approximating
the target function. The specific choice A = % is motivated by numerical tests and theoretical considerations aimed at minimizing
approximation errors, particularly at large x, thereby improving the overall fit quality. This polynomial appears in a mathematical
expression that likely involves some sort of special function or mathematical operation,

Ci(x) =1
Cl(x) =2ax
Ch(x) = — A+ 20(1 + A)x?
4
Ch(x) = — 2A(1 + A)x + 5)‘(1 +)(2+1)x3 . (16)
A recursive relation in Gegenbauer polynomials is presented as:
nCr(x) =2+ — DxCh_ (x) — (n + 21 — 2)CA_,(x) (17
It should be noted that, the polarized PDFs given in Eq. (9) are satisfied the positivity constrain. At LO, this constrain implies:
|4q(x, QDI < q(x, QF). 144(x, QDI < G(x, QF). (18)

which are the direct consequent of a probabilistic interpretation of the parton distribution in the naive parton model. On the other
hand, in the absence of charm and bottom quark contributions and without SIDIS data, the analysis assumes the SU(3) flavor
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symmetry, which implies that the polarized distributions of i, d, 5, and s are equal at the initial scale Q(z) so are denoted by Aq.
This assumption reduces the number of free parameters in the fit. More complicated constrains appear in approximations beyond
the leading order QCD.

It is worth noting that, in Eq. (9) the two free parameters N, and 7, are not independent and there is a relation between these

two parameters. In fact, n, represents the first moments of Ag; (x, Q(z)) which is given by n; = fol dx Agi(x, Q(z)). This relation can
be used as a constraint in the global fit which reduces the number of free parameters and improves the stability of the fit.

In order to perform the global QCD fit of the polarized DIS data, the total number of free parameters for each of the four type
components is six, yielding a total of 24 degrees of freedom, see Eq. (9). However, some of these parameters are fixed in advance
and discarded in the fit to reduce the number of free parameters. In particular, the first moments of the polarized valence distributions
are fixed using the axial charges for octet baryon F and D, measured in hyperon and neutron § decay. This yields the numerical
values of 7, = 0.928 £0.014 and ng, = —0.342 = 0.018 [92], which are then fixed to their central values. The parameters 7; and
n¢ are determined through the fit.

5.2 Mellin moment space for xgj (X, Q2)

After defining the parameters and their status, the next step is to determine them through the fitting procedure. This can be done by
performing the necessary computations in the Mellin moment space. The Mellin transform of the structure function g{(x, Q2) is
expressed by the following equation:

1
MY (0% E/O dx N gi(x, 0%). (19)

In this space, the moment of the polarized structure function MII\I(QZ) for the proton at the twist-2 contribution can be expressed in
terms of polarized PDFs and the coefficient functions ACiN as follows [93]:

Np, 2 _1 2 Qg N
M¥P0 )—zzq:eq{(l+2ﬂACq)

x[Ag(N, Q%) + AG(N, Q)]

+ 25 940N Ag(N, QZ)}. (20)
27 8

In this equation, the sum runs over the quark flavors u, d, s. Also Ag(N, 0%, Aq(N, 0?%) and Ag(N, Q?) denote the polarized

quark, anti-quark and gluon distributions in Mellin N-space, respectively, which are obtained by a similar transform as Eq. (19). It

is important to mention that Aq is defined here as Aq = Aq, — Aq. Finally, AC lN represent the polarized Wilson coefficients in

Mellin space which are given by [93]:

v_4 e ;
AC) =3 —852(N) + (S1(N))” + 2 N(N+1)
S1(N) + ! + ! + ! _9 B
X SN+ S T N T Al -
and
v I[ N-1 R S
Ac! —2[ N+ DI ED N2+N(N+1)]’ -

with S1(n) = Y5 (1/j) = Y+ 1) +yg, Sa(n) = Y5_1(1/j*) = 7%/6 — ¢/ (n + 1), Yy(n) = I'(n)/I"(n) and ¢'(n) =
d*In I (n) /d n2. Now, the moment of polarized structure function, i.e. MT’"( 0?), at the twist-2 contribution can be written similarly
for the neutron in terms of the coefficient functions ACiN and polarized PDFs as:

n : 1 o
MY =MmYP(0?) — g(1 +o=ac))

2
x (Auy(N, Q%) — Ady(N, 0%)). (23)
Then the deuteron structure function can be related to the proton and neutron ones as follows:
1 3
M@Y= E(MT’P(Q% + MY (07)) x (1 - 560,)). 24)

In this equation, wp = 0.05 £ 0.01 denotes the D—state wave probability for the deuteron [94, 95]. Now, using Eq. (20) and the
experimental data on the polarized structure function gf one can perform a global fit to extract unknown parameters. The global fit
involves a comparison between the experimental data for the polarized structure function and their theoretical predictions including
free parameters. These parameters are adjusted somehow a best fit is obtained. This procedure is known as a “global analysis” or

@ Springer



616 Page 8 of 19

Eur. Phys. J. Plus

(2025) 140:616

Table 2 The value of free Fit A Fit B
parameters and their statistical
errors ‘S‘;;}’: g’lgszsci‘e(}“;eva; g}‘f | Aw My 0.9280(Fixed) 0.9280(Fixed)
A and Fit B A, 0.135565 £+ 0.016970 0.117902 + 0.003922
Buy 1.075346 4 0.059691 1.360279 4 0.046427
ag’ 140.428163 =+ 7.420826 144.467555 4+ 0.232128
ar® 4.192738 + 0.458763 3.347560 + 0.015801
2’ —1.643730 + 0.069709 —1.650575 + 0.001980
Ady Nd, -0.342(Fixed) —0.342(Fixed)
g, 1.000000 + 0.005093 0.755056 + 0.034417
Ba, 4.896196 + 0.487310 2.997030 4 0.293166
ay” 112.480969 =+ 54.172578 213.168050 =+ 43.870856
ay’ 3.023899 =+ 2.568452 9.951375 + 6.606230
a,’ 0.0(Fixed) 0.0(Fixed)
2(Aii + Ad) g —2.421468 + 1.044638 -0.134663 £ 0.007655
og 0.036875 + 0.006505 2.080387 + 0.114363
P 37.510597 + 1.226059 5306717 + 0.304069
ag 350.355761 =+ 1.229773 -989.871050 = 0.948004
aif 4.811529 + 1.229770 72.195650 + 0.946040
aj 6.338840 + 1.229805 —10.201256 + 0.849316
Ag g 0.119032 + 0.053216 0.166831 + 0.050151
og 21.273566 + 1.126319 20.119238 + 21.822621
Bg 40.303285 + 2.226121 37723573 + 13.731742
a§ —17.766035 4 13.863802 -5.658637 4 2.816638
af 49.827550 + 14.309688 33.359421 + 6.090680
a§ 1.011844 + 6.452208 1.136815 + 2.245216

as(QF) =0.3834(Fixed)
as(M2) = 0.116032

a5(03) =0.3382(Fixed)
as(M3) = 0.116032

“global fit” which is a standard technique used in extracting parton distribution functions. With respect to some constrains, we have
finally 21 unknown parameters, embedded in the polarized parton distribution functions (Ag,, Aq, and Ag at the initial scale Q% =1
GeV?). Table 2 lists the numerical values of these parameters which we obtain during the fitting procedure. In next subsection a
method which yield us the polarized parton densities in Bjorken x-space is discussed.

5.3 Inverse Mellin in moment space

In polarized physics, the inverse Mellin transform from moment space is a mathematical operation used to obtain a polarized PDF
from its moments. The polarized PDF describes the probability density of finding a parton with a certain momentum fraction and
spin within a polarized proton. The moments of polarized PDF can be defined as integrals of the PDF multiplied by a power of
the momentum fraction x. Specifically, the n' moment of the g;(x, Q?) is given by Eq. (19). The inverse Mellin transform from
moment space relates the polarized PDF g1 (x, 0?) to its moments MII\I(QZ) through the following equation:

1, 0%) = ~ / dz Im[exNMN(Q?)] (25)
0

/g

where, N = ¢ + z¢'? and c is a constant that lies to the right of all singularities of the integrand. For all practical purposes one may
choose ¢ & 1, ¢ = 135° and an upper limit of integral as 5 + 10/Inx~" (for any Q?) instead of z = oo which suffices to guarantee
the accurate and stable numerical results [96, 97].

The inverse Mellin transform, Eq. (25), is a powerful tool in polarized physics because it allows one to determine the polarized
PDF from its moments, which can be calculated from experimental data or from theoretical calculations. By inverting the Mellin
transform, one can obtain a detailed picture of the spin structure of the proton and deep insights into the dynamics of strong
interactions.
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Fig. 2 Polarized proton structure function, ng (x, Q2), as a function of Q2 at several x values in comparison to the experimental data of E143 [46], E155
[50], EMC [48, 49], HERMESO6 [51], SMC [47], COMPASS10 [52, 53] and COMPASS16 [54]

5.4 Result of QCD fit

We use the data sets reported in Table 1 to do our analysis. This table lists the detailed information and references of data sets along
with the kinematic range of x and Q2. To start, we will divide our analysis in two main steps. In the first step (which is called as Fit
A) we perform a fit with all 690 data points reported in Table 1 adopting the positivity constrains. We then include the higher twist
(HT) effects on proton, neutron, and deuteron polarized structure functions. From now on this procedure is called Fit B. Since the
Fit B contains all essential constraints, we will then use this for comparing in all tables and figures.

In Table 1, the values of individual x?2 for each data set and total x2 for Fit A and Fit B are also listed. According to the results
in Table 1, in Fit A by considering the positivity constrain and ignoring any higher twist correction, the total value of x2/d.o. f is
1.15. For a more complete discussion, including the positivity constrain and higher twist corrections in the fit would be necessary.
In the second step, we obtain the total x2/d.o.f = 0.8747 in Fit B. We are motivated to present Fit A and Fit B to show the
necessity of including the HT corrections in the present QCD analysis. Obviously, in comparing between Fit A and Fit B there are
improvements around 24% in the total x 2. Moreover, a modification about 33% and 24% is obtained for the proton and deuteron’s
x2, respectively.

Some studies have indicated that to eliminate non-perturbative effects arising from higher twists, the standard W2 > 6.25 GeV?
cut is used to avoid the presence of dynamical higher twists effect [98]. Given the definition of the invariant mass squared, as shown
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Fig. 3 Polarized proton structure function, x gf (x, 0?), as a function of x at several Q2 values in comparison to JLAB CLAS/EG1b experimental data [56]
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Fig. 4 Polarized deuteron structure function, xgjl(x, 0?), as a function of x at several Q2 values in comparison to JLAB CLAS/EG1b experimental data
[57]

in Fig. 1, from 324 data points related to the polarized structure function from JLAB CLAS/EG1b for proton and deuteron a
considerable number of these data points located in a region where higher twist effects are significant. Therefore, accounting for
these effects is expected to have a meaningful impact on these data. As shown in Table 1, incorporating higher twist effects results in
an improvement in the fit quality by approximately 24% improvement compared to the Fit A. Most of this enhancement is attributed
to the JLAB CLAS/EG1b for proton and deuteron data, with about 47% and 28% improvement in individual x? for proton and
deuteron data respectively.

In Table 2, the final values of fit parameters (in Eq. (9)) are summarized for the Fit A and Fit B at the initial scale Q(z) =1GeV2.
We find that, as earlier mentioned, including HT effects could improve the fit quality around 24%. In Table 3, the values of higher
twist corrections extracted from the data in a model independent scheme at the initial scale Q% = 1 GeV? are presented.

We will begin by comparing the polarized structure functions for proton, neutron, and deuteron as this is the primary input to
our fit. In Figs. 2, 3, 4, 5 and 6 we display the comparison of our Fits A and B with proton deuteron and neutron data used in this
analysis.
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Fig. 5 Polarized neutron structure function, x gi’ (x, Q2), as a function of Q2 at several x values in comparison to experimental data of E142 [60], E154 [58],
HERMES [61] and JLABO4 [59]

Table 3 The values of higher twist FitB
corrections extracted from the data
in a model independent scheme at <Xi > h”(xi)[GeVZ] h”(xi)[GeVZ]
the initial scale Q% =1GeV2

0.003-0.058 8.95010097 x 1077 3.2093323 x 1074
0.05-0.15 —1.1873577 x 1072 1.013764 x 1072
0.15-0.25 —1.3140258 x 102 3.014504 x 1072
0.25-0.45 —1.1253071 x 1072 3.628907 x 102
0.45-0.75 —1.4101965 x 10~2 1.696815 x 1072

In Fig. 2 for Fit A and B, the theoretical prediction are entirely consistent with the experimental data. It seems that no significant
differences is observed for Fit A and B, indicating that including higher-twist correction does not have a substantial impact on the
fit quality in the polarized proton structure function (except for the data from CLAS/EG1b)

To see the impact of inclusion of the higher-twist correction, Figs. 3 and 4 display the comparison of our fits with the data from
CLAS/EG1b.

By comparing Fit A and B, although both theoretical prediction contained within the band of the experimental uncertainties,
differences are observed in theoretical prediction extracted from Fit A and B within the kinematic range of the CLAS/EG1b data.
These differences arise from the inclusion of the higher-twist correction.
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Fig. 6 Polarized deuteron structure function, xg‘li (x, Q2), as a function of Q2 at several x values in comparison to the experimental data of E143 [46], E155

[62], HERMESO6 [51], SMC [47] and COMPASS17 [63]

As previously mentioned and also evident in these figures, including higher-twist correction lead to 47% and 28% improvement
in the proton and deuteron x 2 for CLAS/EG1b data. A clear consistency between the theoretical prediction and experimental data
is observed in the regions of large x and low Q for Fit B, where the nonperturbative effects such as higher-twist correction are

significant and can not be neglect.

The differences between Fits A and B are also observed in the Fig. 5, where we compared our theoretical prediction with the

neutron experimental data.

The observed difference between Fits A and B for the neutron structure function, compared to proton and deuteron, arises despite
limited neutron data in the higher-twist sensitive kinematic region. This can be attributed to the neutron’s distinct quark composition
and greater sensitivity to higher-twist effects. Additionally, the deuteron, as a proton-neutron bound state, exhibits partial averaging
of these effects, reducing visible differences. Limited neutron data and possible isospin symmetry breaking may also contribute to

the pronounced impact of higher-twist corrections in the neutron analysis.

We also show the comparison of the theoretical prediction with experimental data for deuteron in Fig. 6. Same as Fig. 2, for
Fit A and B, we find the theoretical prediction are entirely consistent with the experimental data. There is no significant differences
is observed for Fit A and B , indicating that including higher-twist correction does not have a substantial impact on the fit quality
in the polarized deuteron structure function (except for the data from CLAS/EG1b). We also compared our results with other
parametrization models NAAMY [82], NMA23 [82], KATAO [22], as well as the data sets from E143 [46], JLAB CLAS/EG1b [56,

571, E154 [58] and COMPASS [54].
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Fig. 7 The NLO polarized parton densities as a function of x at the initial scale Q(Z) = 1 GeV?2 for Fit A and Fit B

Table 4 Our NLO results for the E143 [46] COMPASS16 [54] COMPASSI17 [55] FitB
Bjorken sum rule, FINS, Flp, 1"1”
and Fld at NLO at 02 = 3 GeV? 1“1NS 0.164 +0.023 0.181 £ 0.008 0.192 £0.007 £0.015 0.19375186 + 0.0007610
compared with the data from E143 P 0.133 £0.010 0.139 + 0.003 =+ 0.009 0.1503084 + 0.0005041
[46], COMPASS16 [54] and ! ’ '

rt —0.032 £ 0.018 —0.041 £ 0.006 £ 0.011 —0.043443374+0.0012651

COMPASS17 [55]

rd 0.047 £ 0.007 _ 0.043 £ 0.001 £ 0.003 0.04878392 + 0.0008076

In Fig. 7, we plot the extracted polarized PDFs at NLO accuracy as a function of x at the initial scale Q(z) = 1 GeV?, using Fit A
and Fit B. It is seen that the inclusion of higher twist (HT) affects the shapes and errors of the polarized PDFs. In all figures going
forward, only results from Fit B, which accounts for the higher twist effect, will be presented due to its priority.

We present in Fig. 8 a comparison of our findings on polarized PDFs at Q> = 2.5 GeV? with the BB10 [78] and NMA23 [88]
models. A significant reduction in the error band of the polarized density is observed for the Fit B, compared to other models.

As shown, Fit B shows smaller error bands compared to other analyses because they reflect only statistical uncertainties from
data propagated via the Hessian method within our Gegenbauer polynomial parametrization. This approach, combined with recent
high-precision data and stricter cuts, reduces uncertainties but does not include other sources such as model assumptions or scale
variations. Thus, these bands represent statistical precision but not the full uncertainty. Differences with other results also arise from
methodological choices.

To show the consistency of our model to the other polarized structure functions, we also calculate the gf (x, 0?) structure function
via the Wandzura-Wilczek relation [83, 84]:

g
620r. 0%) = —gP(x. 07 + / “el.0%. 26)

Fig.9 shows the polarized gé’ (x, Q%) structure function as function of x for Fit B, compared to the E155 datasets and other
parameterization model such as KTA17 [21] and NMA23 NLO [82].
Our findings align well with existing data and parametrization models, suggesting a successful prediction has been made.
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6 Bjorken sum rule and proton helicity sum rule

In order to confirm the accuracy of fitting results, we can calculate several sum rules. These sum rules provide a consistency check
on the fitted PDFs by relating integrals of the PDFs to known physical quantities. In this section, we demonstrate the calculation of
these sum rules and show how they can be used to verify the quality of the PDF fits. The polarized Bjorken sum rule is obtained by
integrating the spin distributions of quarks inside the nucleon over the Bjorken scale x. It provides a measure of the contribution of
quark spins to the total spin of the nucleon. This sum can be expressed as a product of the nucleon axial charge g4, which is measured
in neutron § decay, and a coefficient function Cp; [as (Q?)]. Taking into account the effects of HT corrections, the polarized Bjorken
sum rule is given by the following equation [99]:
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Table 5 The same as Table 4 at E143 [46] SMC [71] HERMESO06 [51] Fit B

0?% =5 GeV? compared with

E143 [46], SMC [71], FINS 0.164 £ 0.021 0.181 4 0.035 0.148 £0.017 0.19525107 %+ 0.0006312

HERMESO6 [51]. Only p

HERMES06 [51] results are not Iy 0.129 £ 0.010 0.132 +£0.017 0.1211 £ 0.0092 0.1512962 + 0.0005950

extrapolated in full x range t —0.034 +£0.017 —0.048 £ 0.022 —0.0268 £+ 0.0094 —0.043954791+0.0012262

(measured in region d

0.021 < x < 0.9) Iy 0.044 £ 0.007 0.039 4 0.008 0.0436 & 0.0035 0.049001390 + 0.0008313

Table 6 Results for the Bjorken 0%(GeV?) Flp I Fld

sum rule, Flp n,d at the scales

Q2= 10, 50, 100 GeV?2 in the MS 10 0.1523868 =+ 0.00068463 —0.04452532040.0011876 0.0492387707 £ 0.000854

scheme in Fit B 50 0.1540998 £ 0.00080266 —0.045458747+0.0011347 0.0495946627 + 0.00088442
100 0.1546254 £ 0.00083342 —0.045756355+0.0011203 0.0496987301 £ 0.00089189

Table 7 First moments of the FitB KATAO [22] GRSV [85] AAC [86]

polarized structure functions I lp

I I at 02 = 5 GeV? for as rf 0.15129628 + 0.00059500 0133 0132 0.137

compared to other results from the — d 0.04900139-0.00083138 0.036 0.032 0.038

literature at NLO in the "

‘M S-scheme Iy —0.04395479140.0012262 —0.053 —0.062 —0.056

Table 8 Results for the full first moments of the polarized singlet-quark AE(QQ) =Y, fol dx[Agi(x)+ Ag;(x)] and gluon distributions, together with
computed partonic angular momentum, L(Q?), at the scale Q2=10 GeV? in the MS scheme. The recent polarized global analysis of NMA23 [88] are also

presented

Full x region [0, 1] FitB NMA23-LO [88] NMAZ23-NLO [88] MA22-NNLO [87]
%AE(QZ) 0.2051857 = 0.012688 0.064795 + 0.00461 0.074273 £ 0.0097 0.12225 4 0.0024
AG(Q?) 0.3763263 £ 0.096568 1.4693 & 1.049 0.8626 £ 0.3054 0.1205 £ 0.03
L(Q%) -0.081512 £ 0.10925 -1.0341 £+ 1.05361 -0.436873 + 0.751973 0.25725 £ 0.22485

1 1
ms* =rfeh - e = /0 (gl (x, 0%) — gl(x, OH)ldx = ¢ laal Cpjlas(Q*)] + HT corrections .

The Bjorken sum rule provides a highly precise determination of the strong coupling constant «. Using the coefficient function
Cpj [as(Qz)], it is possible to extract the value of «; from experimental data. The current world averaged value of ozs(M%) is
0.1179 £ 8.5 x 107° [100].

The coefficient function Cp; [as(0?)] has been calculated at 4-loop order in pQCD for both massless [101] and massive cases
[102]. However, determining « from the Bjorken sum rule can be difficult due to ambiguities from small-x extrapolation [11].
Hence its value is fixed in our analysis. The coupling constant at the scales Qé and M% are presented in Table 2. In Table 4 and
Table 5 we list our NLO results for the Bjorken sum rule, including I"IN S Flp s I"I” and Fld at energy scale Q2 = 3 and 5 GeV?
respectively, which are compared with the available data from E143 [46], SMC [71], HERMESO06 [51], COMPASS16 [54] and
COMPASS17 [55]. An adequate consistency can be seen between them. Only HERMESO6 [51] results are not extrapolated in the

B

full x range (measured in region 0.021 < x < 0.9). In Table 6, we present our results for the Bjorken sum rule, I'| 14 4t the energy
scales Q2=10, 50, 100 GeV? in the MS scheme for Fit B. For this purpose, the definition of Flp and Fl" which exists in Eq.(27),

Table 9 Results for the full first moments of the polarized quark and gluon distributions at the scales Q2=5, 10, 50, 100 GeV? in the MS scheme in Fit B
approach

0%(GeV?) Auty Ady AY Ag Ag

5 0.9271088 —0.3416716 0.4119564 + 0.025363 0.3162466 + 0.083431 —0.0349729+0.001752
10 0.9268581 —0.3415792 0.4103715 + 0.025374 0.3763263 =+ 0.096568 —0.035125740.001506
50 0.9264328 —0.3414224 0.4077064 + 0.025424 0.5068627 + 0.12472 —0.035947540.00282
100 0.9262923 —0.3413707 0.4068343 + 0.025448 0.5602781 + 0.13613 —0.035833140.002595
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is used and Fld is defined, corresponding to first moment of deuteron structure function in Eq.(24). In Table 7 our results for I/,
I and T ld for Fit B at Q> = 5 GeV? are listed while they are compared with results from parametrization models KATAO [22],
GRSV [85] and AAC [86].

In order to expand our knowledge of polarized physics, we can extrapolate the spin of proton among its constituents. This leads
in the establishment of a novel sum rule known as the proton helicity sum rule [103]. By accurately extracting the polarized PDFs,
one can obtain a precise picture of the quark and gluon helicity densities. Since, each constituent of a nucleon carries a portion of
nucleon’s spin, the total spin of nucleon can be expressed as:

1 2 2 2

5 = 5422+ AG(Q) +L(QY), 27
where AX(0?) represents the total helicity carried by quarks, AG(0?) represents the helicity carried by gluons, and L(0?%)
represents the contribution from partonic orbital angular momentum. The proton’s spin sum rule can be calculated by utilizing
the extracted values listed in Table 8. In this table we show our results for the full first moments of polarized singlet-quark
AZOHE=Y, /01 dx[Aqgi(x)+ Ag;(x)]) and gluon distributions at the scale Q=10 GeV2. This allows us to estimate the numerical
values for the quark and gluon orbital angular momentum contributing to the proton’s spin. Specifically, from Fit B we obtain:

L(Q? = 10 GeV?) = —0.081512 £ 0.10925 . (28)

Moreover, we also compare our findings in this table alongside the results from parametrization models such as NMA23 [88] and
MA22 [87].

In Table 9 we list our results for the full first moments of the polarized quark and gluon distributions at the scales Q2=5, 10, 50,
100 GeV? in the MS scheme in Fit B approach. The values listed in this table for the moments of polarized parton densities show
that they are not affected significantly by the chosen energy scale and are all governed by Eq.(27) satisfactorily.

7 Conclusion

Parton distribution functions are important tools to deepen our understanding from the inner structure of nucleons. They describe
the distribution of momentum and spin of partons inside a nucleon. These functions along with the fragmentation function are
also required to compute the cross sections of scattering processes. Through this work, we used the Gegenbauer polynomials,
as a set of orthogonal polynomials, to parameterize PDFs. The use of Gegenbauer polynomials in PDFs has several advantages
over other parameterizations. The lack of convergence in the several orthogonal parameterization forms, selected for extracting
polarized distribution functions, led to emergence of limitations in obtaining free parameters in polarized distribution functions.
These limitations have resulted in a reduction in the number of free parameters and consequently in the fixing of several parameters of
polarized parton distribution functions, especially for gluon and sea quark, this issue compromises the reliability of the uncertainties
of polarized parton distribution functions, for more details see [5, 87, 88]. In summary, the use of Gegenbauer polynomials in
PDFs provides a powerful tool for understanding the structure of the proton and for making predictions for high-energy collision
experiments. Using this approach and from two analysis with and without considering the higher twist effects we determined the
polarized parton densities and following that the structure functions of proton, neutron and deuteron at NLO accuracy. The polarized
parton densities have been determined with the positivity constraint enforced on them. We found that including HT effects could
improve the fit quality around 24%.

We also find that the inclusion of the HT effects is necessary to extract the polarized PDFs, Especially when the JLAB CLAS/EG1b
data are utilized. Our results show that we have almost 24% improvement in total x2 when we include HT effects and almost 33%
and 24% improvement on individual x? for proton and deuteron JLAB CLAS/EG1b data, respectively.

Based on this foundation, we depicted in Fig. 7 the polarized parton densities at the initial energy scale Q% =1 GeV? using two
Fit A and Fit B approaches, one excluding and the other including the higher twist effect, respectively. To compare our findings,
we depicted Fig. 8 where our results in Fit B have been compared with various models such as BB10 [78] and NAM23 [88]. The
three figures also contain the uncertainty bands.

Fig. 2 to Fig. 6 indicated the results of polarized structure functions for proton, neutron, and deuteron in Fit A and Fit B at various
energy scales, along with comparisons to some parametrization models and experimental data. We displayed the result for the g,
structure function in Fig.9 to show the model prediction at Fit B, comparing it also with existing data and parametrization models.

What we learn from our current analysis as improvements in our knowledge into the partonic structure of hadrons, can be described
as it follows:

1. Introducing Gegenbauer polynomials for polarized PDF parametrization, leveraging their orthogonality with the weight
function x*(1 — x)?. This reduces parameter correlations and uncertainties at high-x (Fig. 8), enabling the first precise extraction
of valence quark contributions near x — 1

2. Quantifying higher-twist (HT) effects in polarized DIS. HT corrections resolve tensions in CLAS/EG1b proton data (47%
x? improvement) and demonstrate their significance at low Q2(< 3GeV?), challenging assumptions of negligible HT impacts.
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3. Redefining systematic uncertainties by exposing parametrization biases in earlier works. Our smaller error bands set a new
benchmark for precision, critical for isolating gluon spin (Ag) and quark orbital angular momentum contributions.

These advancements establish a framework for future studies, particularly with Electron-Ion Collider data, to disentangle nonper-
turbative effects and refine nucleon spin sum rules.

We also determined the values of Bjorken sum rules as well as the helicity sum rule for the proton and compared them with the
available data which have been listed in Table 4 and 5. Because Gegenbauer polynomials contain outstanding features, utilized in
the fitting process, we plan to use them to analyze unpolarized structure functions, which we aim to discuss in future research.
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